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Viscoelastic vs Elastic materials 1D

σ(t) =

{
E H(t)ε0

R(t)ε0
ε(t) =

{
1
E H(t)σ0

C (t)σ0
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Viscoelasticity: general form

σ(t) =

∫ t
0−

R(t − τ) dε(τ) ε(t) =

∫ t
0−

C (t − τ) dσ(τ)
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Viscoelasticity 3D

σij(xr , t) =

∫ t
0−

Rijhk(xr , t − τ) dεij(xr , τ)

Symmetry properties:

Rijhk(xr , t) = Rjihk(xr , t) = Rijkh(xr , t) = Rhkij(xr , t)

Behaviour at 0 and ∞:

R0
ijhk(xr )γij γhk > 0 R∞ijhk(xr )γij γhk > 0

R0
ijhk(xr ) := lim

t→0
Rijhk(xr , t) R∞ijhk(xr ) := lim

t→+∞Rijhk(xr , t)
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Viscoelasticity 3D

σij(xr , t) =

∫ t
0−

Rijhk (xr , t − τ) dεhk(xr , τ)

εij(xr , t) =

∫ t
0−

Cijhk (xr , t − τ) dσhk(xr , τ)

Bilinear form: 〈σij(xr , t), εij(xr , t)〉c =

∫
V

∫ t
0−
σij(xr , t − τ) dεij(xr , τ) dΩ

⇒ Symmetry but NO definiteness ⇒ ???
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Governing equations

Equilibrium equations: E (.) = Div(.)
E (σij(xr , t)) + bi (xr , t) = 0 in Ω× [0, 2T ]

σij(xr , t) nj(xr ) = pi (xr , t) on Γp × [0, 2T ]

Compatibility equations: C (.) = 1
2(∇(.) +∇

T (.))
εij(xr , t) = C (ui (xr , t)) in Ω× [0, 2T ]

ui (xr , t) = u0
i (xr , t) on Γu × [0, 2T ]

Constitutive law: L εij(xr , τ) =
∫t

0− Rijhk(xr , t − τ) dεhk(xr , τ)

σij(xr , t) = L (εij(xr , t)) in Ω× [0, 2T ]
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Symmetry of the constitutive law operator

Bilinear form (at a fixed point xr ∈ Ω):

〈σ ′
ij , ε

′′
ij 〉c := σ ′

ij(2T ) ∗ ε ′′ij (2T ) :=

∫2T

0−
σ ′
ij(2T − t) dε ′′ij (t)

σij(t) = L εij(t) =

∫ t
0−

Rijhk(t − τ) dεhk(τ)

t ∈ [0, 2T ]

[see, e.g., Gurtin (1963) and Tonti (1984)]
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Decomposition of the time domain

Bilinear form (at a fixed point xr ∈ Ω):

〈σ ′
ij , ε

′′
ij 〉c := σ ′

ij(2T ) ∗ ε ′′ij (2T ) :=

∫2T

0−
σ ′
ij(2T − t) dε ′′ij (t)
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Decomposition of the constitutive law operator

Bilinear form (at a fixed point xr ∈ Ω):

〈σ ′
ij , ε

′′
ij 〉c := σ ′

ij(2T ) ∗ ε ′′ij (2T ) :=

∫2T

0−
σ ′
ij(2T − t) dε ′′ij (t)

σ1ij (t) = Bε1ij (t) =

∫ t
0−

Rijhk(t − τ) dε1hk (τ)

t ∈ [0,T ]
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Decomposition of the constitutive law operator

Bilinear form (at a fixed point xr ∈ Ω):

〈σ ′
ij , ε

′′
ij 〉c := σ ′

ij(2T ) ∗ ε ′′ij (2T ) :=

∫2T

0−
σ ′
ij(2T − t) dε ′′ij (t)

σ2ij (t) = Aε1ij (t) + Cε2ij (t) t ∈ [T , 2T ]

Aε1ij (t) =

∫T
0−

Rijhk(t − τ) dε1hk (τ)

Cε2ij (t) =

∫ t
T
Rijhk(t − τ) dε2hk (τ)
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Decomposition of the constitutive law operator

Bilinear form (at a fixed point xr ∈ Ω):

〈σ ′
ij , ε

′′
ij 〉c := σ ′

ij(2T ) ∗ ε ′′ij (2T ) :=

∫2T

0−
σ ′
ij(2T − t) dε ′′ij (t)

A is symmetric

C is the adjoint operator of B (⇒ B̃)[
σ2ij (t)
σ1ij (t)

]
=

[
A B̃
B 0

] [
ε1ij (t)
ε2ij (t)

]
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Discussion about the free energy functional

1

2
〈A ε ′1ij , ε

′
1ij
〉c =

1

2

∫T
0−

∫T
0−

Rijhk(2T − t − τ) dε ′1hk (τ) dε
′
1ij
(t)

that is the Helmholtz free energy Q (xr ,T ) in isothermal conditions

[see Staverman and Schwarzl (1952), Bland (1960), Hunter (1961), and
Breuer and Onat (1964)]

⇒ Q (xr ,T ) > 0 ⇒ A is positive semi-definite

Integrated dissipation inequality [Coleman (1964)]:∫ t1

t0

σij(τ)ε̇ij(τ) dτ > Q(t1) − Q(t0)

If Rijhk(t) is completely monotonic, i.e.

(−1)nR
(n)
ijhk(t)γij γhk > 0 n = 0, 1, 2, ...

then Q is a free energy [Del Piero and Deseri (1996)]
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Positive definiteness of the operator A

[Mandel (1960), Huet (2011), Del Piero and Deseri (1997)]:

Rijhk(t) completely monotonic ⇔ Rijhk(t) =

∫∞
0
φijhk(α) e

−α tdα

⇒ Q =
1

2

∫∞
0
φijhk(α) ghk(α) gij(α) dα

where

gij(α) :=

∫T
0−

e−α(T−t)dε ′1ij (t)

Due to the positive definiteness of φijhk(α),

φijhk(α) ghk(α) gij(α) > 0

⇒ A is positive definite
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Definiteness of the new constitutive law operator

The constitutive law

[
σ2ij (t)
σ1ij (t)

]
=

[
A B̃
B 0

] [
ε1ij (t)
ε2ij (t)

]
⇔ σ = Lε

can be rephrased, through a partial Legendre transform [see, e.g., Milton
(1990), Cherkaev and Gibiansky (1994)], as follows:[

−σ1ij (t)
ε1ij (t)

]
=

[
B̃A−1B −B̃A−1

−A−1B A−1

] [
ε2ij (t)
σ2ij (t)

]
⇔ θ1 = Sθ2

S is positive semi-definite

Remark. The causality principle is not violated!!!

[see, e.g., Fabrizio et al. (2010), Arch. Rational Mech. Anal. 198, 189-232]
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The decomposition of the inverse constitutive law

ε1ij (t) = Bσ1ij (t) =

∫ t
0−

Cijhk(t − τ) dσ1hk (τ) for t ∈ [0,T ]

ε2ij (t) = Aσ1ij (t) + B̃σ2ij (t) =

∫T
0−

Cijhk(t − τ) dσ1hk (τ)

+

∫ t
T
Cijhk(t − τ) dσ2hk (τ) for t ∈ [T , 2T ]

[
ε1ij (t)
ε2ij (t)

]
=

[
0 B̃

B A

] [
σ2ij (t)
σ1ij (t)

]
⇔ ε = L−1σ

B = B−1

A = −B−1A B̃−1 ⇒ A is negative definite
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Six-fields formulation



0 0 0 0 0 −E
0 0 0 0 −E 0

0 0 A B̃ 0 −I
0 0 B 0 −I 0
0 C 0 −I 0 0
C 0 −I 0 0 0





u1i

u2i

ε1ij

ε2ij

σ1ij

σ2ij

 =



b2i

b1i

0
0
0
0



in Ω× [T , 2T ]
in Ω× [0,T ]
in Ω× [T , 2T ]
in Ω× [0,T ]
in Ω× [T , 2T ]
in Ω× [0,T ]

0 0 0 0 0 nj
0 0 0 0 nj 0
0 0 0 0 0 0
0 0 0 0 0 0
0 −nj 0 0 0 0

−nj 0 0 0 0 0





u1i

u2i

ε1ij

ε2ij

σ1ij

σ2ij

 =



p2i

p1i

0
0

−nju
0
2i

−nju
0
1i



on Γp × [T , 2T ]
on Γp × [0,T ]

on Γu × [T , 2T ]
on Γu × [0,T ]

MI zI = bI in Ω× [0, 2T ]

TI zI = gI on Γ × [0, 2T ]
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Four-fields formulation


0 0 0 E
0 0 E 0

0 −C A B̃

−C 0 B 0




u1i

u2i

σ1ij

σ2ij

 =


−b2i

−b1i

0
0


in Ω× [T , 2T ]
in Ω× [0,T ]
in Ω× [T , 2T ]
in Ω× [0,T ]

0 0 0 −nj
0 0 −nj 0
0 nj 0 0
nj 0 0 0




u1i

u2i

σ1ij

σ2ij

 =


−p2i

−p1i

nju
0
2i

nju
0
1i


on Γp × [T , 2T ]
on Γp × [0,T ]
on Γu × [T , 2T ]
on Γu × [0,T ]

MII zII = bII in Ω× [0, 2T ]

TII zII = gII on Γ × [0, 2T ]
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Five-fields formulation


0 0 0 0 E
0 0 0 E 0

0 0 B̃A−1B −B̃ A−1 I
0 −C −A−1B A−1 0

−C 0 I 0 0




u2i

u1i

ε2ij

σ2ij

σ1ij

=


−b1i

−b2i

0
0
0


in Ω× [0,T ]
in Ω× [T , 2T ]
in Ω× [0,T ]
in Ω× [0,T ]
in Ω× [T , 2T ]

0 0 0 0 −nj
0 0 0 −nj 0
0 0 0 0 0
0 nj 0 0 0
nj 0 0 0 0




u2i

u1i

ε2ij

σ2ij

σ1ij

 =


−p1i

−p2i

0
nju

0
1i

nju
0
2i


on Γp × [0,T ]
on Γp × [T , 2T ]

on Γu × [0,T ]
on Γu × [T , 2T ]

MIII zIII = bIII in Ω× [0, 2T ]

TIII zIII = gIII on Γ × [0, 2T ]
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Variational formulations

Mi zi = bi in Ω× [0, 2T ]
Ti zi = gi on Γ × [0, 2T ]

⇒ Ni zi = fi i = I , II , III

〈〈Ni z
′
i , z

′′
i 〉〉c =

∫
Ω

Mi z
′
i (2T ) ∗ z ′′i (2T ) dΩ+

∫
Γ

Ti z
′
i (2T ) ∗ z ′′i (2T ) dΓ

Ni zi = fi ⇔ Fi (zi ) = stat
z ′i

Fi (z
′
i )

Fi (z
′
i ) =

1

2
〈〈Ni z

′
i , z

′
i 〉〉c − 〈〈fi , z ′i 〉〉c

=
1

2

∫
Ω

Mi z
′
i (2T ) ∗ z ′i (2T ) dΩ+

1

2

∫
Γ

Ti z
′
i (2T ) ∗ z ′i (2T ) dΓ

−

∫
Ω

bi (2T ) ∗ z ′i (2T ) dΩ−

∫
Γ

gi (2T ) ∗ z ′i (2T ) dΓ
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Functional of the Total Potential Energy type

By imposing the strain-displacement relations into the six-fields variational
formulation:

TPE(u ′
1i

, u ′
2i
) =

1

2

∫
Ω

(
AC u ′

1i
(2T ) ∗ C u ′

1i
(2T ) + 2B̃ C u ′

1i
(2T ) ∗ C u ′

2i
(2T )

)
dΩ

−

∫
Ω

(
b2i (2T ) ∗ u ′

1i
(2T ) + b1i (2T ) ∗ u ′

2i
(2T )

)
dΩ

−

∫
Γp

(
p2i (2T ) ∗ u ′

1i
(2T ) + p1i (2T ) ∗ u ′

2i
(2T )

)
dΓ

TPE(u1i , u2i ) = min
u ′

1i

stat
u ′

2i

TPE(u ′
1i

, u ′
2i
)

u ′
1i

and u ′
2i

being compatible displacement fields
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Functional of the Total Complementary Energy type

By imposing the equilibrium equations into the four-fields variational
formulation:

TCE(σ ′
1ij

,σ ′
2ij
) =

1

2

∫
Ω

(
Aσ ′

1ij
(2T ) ∗ σ ′

1ij
(2T ) + 2 B̃σ ′

1ij
(2T ) ∗ σ ′

2ij
(2T )

)
dΩ

−

∫
Γu

(
nj u

0
2i
(2T ) ∗ σ ′

1ij
(2T ) + nj u

0
1i
(2T ) ∗ σ ′

2ij
(2T )

)
dΓ

TCE(σ1ij ,σ2ij ) = max
σ ′

1ij

stat
σ ′

2ij

TCE(σ ′
1ij

,σ ′
2ij
)

σ ′
1ij

and σ ′
2ij

being equilibrated stress fields
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New functional

F(σ ′
2ij

, u ′
2i
) =

1

2

∫
Ω

(
A−1σ ′

2ij
(2T ) ∗ σ ′

2ij
(2T ) − B̃ A−1 σ ′

2ij
(2T ) ∗ C u ′

2i
(2T )

+ B̃ A−1 B C u ′
2i
(2T ) ∗ C u ′

2i
(2T )

− A−1 B C u ′
2i
(2T ) ∗ σ ′

2ij
(2T )

)
dΩ

+

∫
Ω

b1i (2T ) ∗ u ′
2i
(2T ) dΩ

+

∫
Γp

p1i (2T ) ∗ u ′
2i
(2T ) dΓ −

∫
Γu

nj u
0
1i
(2T ) ∗ σ ′

2ij
(2T ) dΓ

F(σ2ij , u2i ) = min
u ′

2i
,σ ′

2ij

F(σ ′
2ij

, u ′
2i
)

u ′
2i

and σ ′
2ij

being, respectively, a compatible displacement field and an
equilibrated stress field
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The problem on the RVE


σij/j = 0 in Ω× [0, 2T ]

εij =
1
2

(
ui/j + uj/i

)
in Ω× [0, 2T ]

ui = εijxj on Γ × [0, 2T ]

σij = Lεij in Ω× [0, 2T ]

σij(t) =

∫ t
0−

Rh
ijhk(t − τ) dεhk(τ) for t ∈ [0, 2T ]

[
σ2ij (t)
σ1ij (t)

]
=

[
Ah B̃h

Bh 0

] [
ε1ij (t)
ε2ij (t)

]
⇔ σ = Lh ε

[
−σ1ij (t)
ε1ij (t)

]
=

[
B̃h(Ah)−1Bh −B̃h(Ah)−1

−(Ah)−1Bh (Ah)−1

] [
ε2ij (t)
σ2ij (t)

]
⇔ θ1 = Sh θ2
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Bounds

F(σ ′
2ij

, ε ′2ij ) =
1

2

∫
Ω

(
ε ′2ij (2T ) ∗ B̃A−1B ε ′2ij (2T ) − 2σ ′

2ij
(2T ) ∗ A−1Bε ′2ij (2T )

+ σ ′
2ij
(2T ) ∗ A−1σ ′

2ij
(2T )

)
dΩ− V σ ′

2ij (2T ) ∗ ε1ij (2T )

F(σ2ij , ε2ij ) 6 F(σ2ij , ε2ij )

In the solution

1

2

∫
Ω

(
ε2ij (2T ) ∗ B̃ A−1 B ε2ij (2T ) − 2σ2ij (2T ) ∗ A−1 B ε2ij (2T )

+ σ2ij (2T ) ∗ A−1σ2ij (2T )

)
dΩ =

1

2

∫
Ω

θ2(2T ) ∗ Sθ2(2T ) dΩ

Since Sθ2 = θ1 and by virtue of Hill’s principle:

1

2

∫
Ω

θ2(2T ) ∗ Sθ2(2T ) dΩ =
V

2
θ2(2T ) ∗ θ1(2T )
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Bounds

Recalling that θ1 = Sh θ2:

F(σ2ij , ε2ij ) =
V

2

(
ε2ij (2T ) ∗ B̃h (Ah)−1 Bh ε2ij (2T )

− 2σ2ij (2T ) ∗ (Ah)−1 Bh ε2ij (2T )

+ σ2ij (2T ) ∗ (Ah)−1σ2ij (2T )

)
− V σ2ij (2T ) ∗ ε1ij (2T )

In correspondence to the average fields:

F(σ2ij , ε2ij ) =
V

2

(
ε2ij (2T ) ∗ B̃A−1B ε2ij (2T ) − 2σ2ij (2T ) ∗ A−1B ε2ij (2T )

+ σ2ij (2T ) ∗ A−1 σ2ij (2T )

)
− V σ2ij (2T ) ∗ ε1ij (2T )
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Bounds

ε2ij (2T ) ∗ B̃h(Ah)−1Bh ε2ij (2T ) − 2 ε2ij (2T ) ∗ B̃h(Ah)−1σ2ij (2T )

+ σ2ij (2T ) ∗ (Ah)−1σ2ij (2T ) 6 ε2ij (2T ) ∗ B̃A−1B ε2ij (2T )

− 2 ε2ij (2T ) ∗ B̃A−1 σ2ij (2T ) + σ2ij (2T ) ∗ A−1 σ2ij (2T )

Remark 1. Analogy with the bounds obtained by Cherkaev and Gibiansky
(1994) in the frequency domain

Remark 2. σ2ij (t) = Ah ε1ij (t) + Bh ε2ij (t)

σ2ij = 0 ⇒ ε2ij (2T ) ∗ B̃h(Ah)−1Bh ε2ij (2T ) 6 ε2ij (2T ) ∗ B̃A−1B ε2ij (2T )

ε2ij = 0 ⇒ σ2ij (2T ) ∗ (Ah)−1 σ2ij (2T ) 6 σ2ij (2T ) ∗ A−1 σ2ij (2T )
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Conclusions

Convolutive bilinear form
+

Decomposition of the time domain into two equal subintervals
+

Partial Legendre transform
=

Minimum variational formulation

“In simple relaxation or creep experiments the thermodynamic functions at
time t depend on the relaxation or creep function at time 2t.” [Staverman
and Schwarzl (1952)]

Open issues

Relation with the analogous bounds in the frequency domain
[Cherkaev and Gibiansky (1994)]

Applications to Elastodynamics, Heat conduction, Instability...
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Thank you for your attention
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