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Viscoelastic vs Elastic materials 1D
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Viscoelasticity: general form

Relaxation test Creep test
o _——= Ot
y 1de A Ido
0 1T 7t+dt t 0 1T 7t+dt t

o(t) = Jt R(t — t)de(T) e(t) = Jt C(t—T)do(T)
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Viscoelasticity 3D

t
(Y,'J'(Xr, t) = JO Rijhk(xry t—1) de,-j(x,, T)

@ Symmetry properties:

Rijnk (Xr, t) = Rjink (Xr, t) = Rijkn(Xr, t) = Rugij(xr, t)

@ Behaviour at 0 and oo:

Rin (Xr) Yij Yhie > 0 Rini (Xr) Yij Yk >0

Ripic (xr) == lim Rijpic(xr. t) Rihi (xr) == 1im Rijnk (x, t)
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Viscoelasticity 3D

t
Ojj(xr, t) = Jo Rijni (xr, t — 1) dep(xr, T)

t
€jj(xr, t) :J Cijpk (Xr, t — 1) dopi(xr, T)
o

t
Bilinear form: (ojj(x, t), €jj(xr, t))c = J J 0ji(x, t — 1) dejj(x, T) dQ
vio

= Symmetry but NO definiteness = 777
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© The linear viscoelastic problem
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Governing equations
o Equilibrium equations: &(.) = Div(.)
E(0(x 1)) + bi(x, £) =0 in Q x [0,27]
0i(xe t) (%) = pi(x, t) on Ty x [0,27]
o Compatibility equations: ¢'(.) = %(V(.) +VT()
€ij(xr t) = C(ui(x,, t)) in Qx[0,2T]

ui(x, t) = uf-)(x,, t) onTl, x[0,2T]

o Constitutive law: ZLejj(x,, T) = fé, Rijnk (X, t — T) d€pk(xr, T)
0;i(xnt) = L(ej(x ) in Q x [0,27T]
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© Reformulation of the constitutive law

O. Mattei Variational formulations for the linear viscoelastic problem in the time domain 10 / 37



Symmetry of the constitutive law operator

Bilinear form (at a fixed point x, € Q):

2T
(0, €)c:=05(2T) x e[/(2T) := L ol(2T — t)def/(t)
tA
2T
t
| os(t) = Ley(t) =L Rinelt — 1) dep(1)
t | t€10,27]
|
[see, e.g., Gurtin (1963) and Tonti (1984)]
—l_>
0 2T T
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Decomposition of the time domain

Bilinear form (at a fixed point x, € Q):

(0f,€f)c=05(2T) x e (2T) := ET oh(2T — t)del/(t)
tA
27
o A |C
T |
B 7 |
o,

O@TQUZTI

O. Mattei Variational formulations for the linear viscoelastic problem in the time domain 12 / 37



Decomposition of the constitutive law operator

Bilinear form (at a fixed point x, € Q):

2T

<0',{J-, elfj’>c = 0‘,3-(27_) * eI{j/(QT) = JO 0',{]'(27_— t) d€,{jl(t)
tA
2T — — — Ve
/ | .
T 7 ‘ 0-1ij(t) = Belfj(t) = JO Rijhk(t_T) de]—hk (T)
«’ | telo, T
Vo 1y

O. Mattei Variational formulations for the linear viscoelastic problem in the time domain 13 / 37



Decomposition of the constitutive law operator

Bilinear form (at a fixed point x, € Q):

2T

(0], ef)c =0f(2T) x e/ (2T) == L of(2T — t)def/(t)
tA
2T
& A | C 02, (t) = Aey;(t) + Cepy(t) te€[T,2T]
| T
. | ey (0) = | Rymlt = D) dea, ()
;o | t
Ceg,(t) = TRijhk(t_T)d€2hk(T)
4l—l_>

0 'T 'ZT T
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Decomposition of the constitutive law operator

Bilinear form (at a fixed point x, € Q):

2T
(0f,€f)c=05(2T) x e (2T) := J 0;(2T —t)dej (t)
-

tA
2T A is symmetric

_ C -
@] A \ C is the adjoint operator of B (= B)
T | ~
(I) B GZU(t) _ B elij(t)
' | | o1, (t) B 0 €2;(t)

v 1 L
o (1) T (2) 2T "=
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Discussion about the free energy functional

Loael oy 1[0 / /
§<A€1ij'€1ij>cz2 o o R,'J‘hk(zT—t—T)delhk(T)delij(t)

that is the Helmholtz free energy Q (x,, T) in isothermal conditions

[see Staverman and Schwarzl (1952), Bland (1960), Hunter (1961), and
Breuer and Onat (1964)]

= Q(x,, T) > 0 = A s positive semi-definite
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Discussion about the free energy functional

Loael oy 1[0 / /
§<A€1ij'€lij>C:§ o Jo R,'J‘hk(zT—t—T)delhk(T)delij(t)

that is the Helmholtz free energy Q (x,, T) in isothermal conditions

[see Staverman and Schwarzl (1952), Bland (1960), Hunter (1961), and
Breuer and Onat (1964)]

= Q(x,, T) > 0 = A s positive semi-definite
Integrated dissipation inequality [Coleman (1964)]:

5%
J ojj(T)€;(T)dT > Q(t1) — Q(to)

to
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Discussion about the free energy functional

Loael oy 1[0 / /
§<A €1, €1;)c = 2o Rijnc (2T —t — 1) dey,, (1) dey (t)

that is the Helmholtz free energy Q (x,, T) in isothermal conditions

[see Staverman and Schwarzl (1952), Bland (1960), Hunter (1961), and
Breuer and Onat (1964)]

= Q(x,, T) > 0 = A s positive semi-definite
Integrated dissipation inequality [Coleman (1964)]:
[51
J oj(t)e;(t)dt = Qt1) — Q(to)
to

If Rjjnk(t) is completely monotonic, i.e.

(~1)"RGn () Vi Yme =0 n=0,1,2, ..
then Q is a free energy [Del Piero and Deseri (1996)]
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Positive definiteness of the operator A

[Mandel (1960), Huet (2011), Del Piero and Deseri (1997)]:

o0
Rijnk(t) completely monotonic & Rjjnk(t) :J Pijhk (ot) e *tda
0

= Q:ij Gijnk (o) ghi (o) gij( o) dex

0
where
T
.. . —x(T—t) /
gu((x) = J e delU(t)
0
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Positive definiteness of the operator A

[Mandel (1960), Huet (2011), Del Piero and Deseri (1997)]:

o0
Rijnk(t) completely monotonic & Rjjnk(t) :J Pijhk (ot) e *tda
0

= Q:;J Gijnk (o) ghi (o) gij( o) dex
0

where
T

gij(«) ::J

Due to the positive definiteness of ¢jjni (o),

e ! T*t)de{ij (1)

ik () grr (o) gij(a) >0

= A s positive definite
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Definiteness of the new constitutive law operator

The constitutive law

o (1) ] [ A B[ eylt) -
[ 01,(t) ] B [ B 0 ] [ €. (t) } & o=Le
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Definiteness of the new constitutive law operator

The constitutive law

02, (t) ] [ A é] [ e1,(t) }
= & o=Le
[ o1,(t) B 0 €2;(t)
can be rephrased, through a partial Legendre transform [see, e.g., Milton
(1990), Cherkaev and Gibiansky (1994)], as follows:

[ —01,(t) ] _ [ BA-1B —BA! } [ €2, (1)

€1U(t) —A"1B Al 0'2,.1.(1') :| < 01=56

S is positive semi-definite
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Definiteness of the new constitutive law operator

The constitutive law

02, (1) ] [ A E] [ e, (1) }
= & o=Le
[ o1, (t) B 0 €2;(t)
can be rephrased, through a partial Legendre transform [see, e.g., Milton
(1990), Cherkaev and Gibiansky (1994)], as follows:

[ —01,(t) ] _ [ BA-1B —BA! } [ €2, (1)

€1ij(t) —A"1B Al 0'2,.1.(1') :| < 01=56

S is positive semi-definite
Remark. The causality principle is not violated!!!

[see, e.g., Fabrizio et al. (2010), Arch. Rational Mech. Anal. 198, 189-232]
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The decomposition of the inverse constitutive law

t
e1,(t) = Boy,(t) J Cijnk(t — 1) doq,, (1) for t € [0, T]

~ T
€2;(t) = Aoy, (t) + Bog,(t) ZJ Cijnk (t — 1) doy,, (T)

t
—i—J Cijhk(t_T) dO'Qhk(T) for t € [T,2T]
T
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The decomposition of the inverse constitutive law

m
i
=
—
~
—
|
o)
o)
s
=
—
~
—
Il

t
J Cijpk(t —T)doy,, (T) for t €0, T]

A=-BlAB! = Ais negative definite
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@ Reformulation of the viscoelastic problem
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Six-fields formulation

0 0 0 0 0 &7 w,] [ by, ] in Qx[T,2T]

0 0 0 0 —& O up; by, in Q x [0, T]

00 A B 0 —I e, | | O in Q x [T,2T]

00 B 0 —I 0 e, | | 0 in Q x [0, T

0 ¢ 0 —-I 0 0 01, 0 in Qx[T,2T]
L4 0 —I 0 0 0 | [ oz | | 0 | in Q x [0, T]
0 0 00 0 n 7 [ uy ] [ po ] on I, x [T,2T]

0 0 00 nj 0 U2i p1,. on Fp X [0, T}

0 0 00 0O O ey | _ 0

0 0 00 0O O €2; 0

0 —-n 00 0 O 01, —njugi onT, x[T,2T]
L-n 0 00 0 0] | oy | i —nju?i ] on T, x [0, T]

M/Z/Zb/ |nQ><[O,2T]
T,z;=g; onl x[0,2T]
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Four-fields formulation

o O o

O. Mattei

0 & uy, —by, in Q x [

& 0 uo, | —by in Q x|

¢ A B oy | 0 in Q x [
B 0| | oy 0 ] inaxp

0 —nj uy, —p2; | on T, x [
—n; 0 w, | | —py on Ty X [
0 0 01, | njug on Ty, x|

0 0 02, njuj. | on T, x|

M// Z) = b// in Q x [0,2T]
Tiuzy=gy onl x[0,2T]
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Five-fields formulation

o O O o

_

O O O O

O. Mattei

0
0
0

—

0

O O O O o

0 0 & Uy,

0 & 0 uy,
BA7'B —BA' ||| ey
—-A1B A1 0 02;

/ 0 0] L oy,

0 —nj up; )

—n; 0 uy;

0 0 €2ij =

0 0 0'20.

0 0 (71,./.

Mz =by in Qx[0,2T]
Tz =gm onl x[0,2T]

—h1;
0
0

njuy,

.0

_bl,- in Q x [O, T]
—by, in Qx[T,2T]
0 in Q x [0, T
0 in Q x [0, T]
0 in Qx[T,2T]

on T, x [0, T]

on T, x [T,2T]

on T, x [0, T]
on T, x[T,2T]
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Variational formulations

M,'Z,' :b; in QO x [0,2T]

Tizi=g; onT x[0,2T] Niz;=f =111l

((N; z/,z"))c :J M;z/(2T) * z/'(2T) dQ—i—J T:z/(2T)*z/(2T)dr
Q r
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Variational formulations

M,'Z,' :b; in QO x [0,2T]

Tizi=g; onT x[0,2T] Niz;=f =111l

((N; z/,z"))c :J M;z/(2T) * z/'(2T) dQ—i—J T:z/(2T)*z/(2T)dr
Q r

Nizi=f; < Jilz;) =statFi(z])
z/

i

1 ((Njz{,z{))c — (i 2]))c

1
J M;z/(2T) % z/(2T)dQ + 2J Tizj(2T) *z/(2T)dr
Q r

NN

—J b,-(2T)*z,f(2T)dQ—J gi(2T) xz/(2T)dr
Q r
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Functional of the Total Potential Energy type

By imposing the strain-displacement relations into the six-fields variational
formulation:

1
TPE(uy,, uy,) = 5 J

<A%u1'i(2T) «Cul (2T)+2BC u{ (2T) * € u} (2T)
Q

_J (bz,.(zT) s ul (2T) + by, (2T) uz'l_(2T)> 0
Q

_ Jr (pzi(ZT) * u{l,(2T) +p1,(2T) = u2/i(2T)> dr

TPE(uw1;, up;) = min StgtTPE(u{i, uéi)

u. u.
1 2;

uy. and u;. being compatible displacement fields
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Functional of the Total Complementary Energy type

By imposing the equilibrium equations into the four-fields variational
formulation:

1 ~
TCE(0}, 04,) = | (4101, (27) 01, (27) + 2B o}, (2T x 03,27) ) a0

_J <nj ud (2T) * 01,(2T) + nj ud (2T) * 03, (2 T)) dr
Iy

TCE(oy,, 02;) = max StatTCE(U{U, Géij)

-/ -/
O O
1; 92

G{ij and Géij being equilibrated stress fields
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New functional

1 _
F(o% ,us) :2Ll <A10§U(2T) x 05, (2T) — BA! 03,(2T) % Cuy (2T)
+BATYBE uy (2T) %€ uj (2T)

— AT BE up (2T) = crgl_j(zT)> dQ
+J by, (2T) * uj (2T)dQ
Q

—i—J p1,(2T) = uéi(2T) dr—J n; u(fl_(2T) * Gél_j(2T) dr
r, r,

o . / /

F(og;, uz;) = min Floy,, uy))
“2,-v‘72,-j

uy. and Géij being, respectively, a compatible displacement field and an

equilibrated stress field
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© Bounds for viscoelastic composites
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The problem on the RVE

0j/j =0 inQx[0,2T]
€,‘jZ%(U,‘/j+Uj/,') in Q x[0,2T]
ui==¢€jx; onl x[0,2T]

oj=2~Le; inQx[0,2T]
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The problem on the RVE

0j/j =0 inQx[0,2T]
€,‘jZ%(U,‘/j+Uj/,') in Q x[0,2T]
ui==¢€jx; onl x[0,2T]

oj=2~Le; inQx[0,2T]

t
oj(t) = L Rip(t — ) depe(t) for t €[0,2T]
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The problem on the RVE

0j/j =0 inQx[0,2T]
€,‘jZ%(U,‘/j+Uj/,') in Q x[0,2T]
ui==¢€jx; onl x[0,2T]

oj=2~Le; inQx[0,2T]

t
oj(t) = L Rip(t — ) depe(t) for t €[0,2T]

oy, (1) ] [ AP BM [ ey, (t) — ihe
{ }_[B” 0][€2,-j(t)] & o=L"e

O. Mattei Variational formulations for the linear viscoelastic problem in the time domain 29 / 37



The problem on the RVE

0j/j =0 inQx[0,2T]
e,-j:%(u,-/j—i—uj/,-) in Q x[0,2T]
ui==¢€jx; onl x[0,2T]

oj=2~Le; inQx[0,2T]

o
=
=
py
=
I

t
JO le’hk(t — T) déhk("f) for t e [0, 2T]

oy, (1) ] [ AP BM [ ey, (t) — ihe
] =le a0 ] e v

i

[—cn,,.(t)} _ [ Bh(AP)71B" —Bh(AN)-
= - —(Ah)_lBh (Ah)—l

[ay
| S|
1
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Bounds

1 ~
F(o3,, €5,) = 3 Lz(eé’f(z T)* BA™'Be; (2T) — 205 (2T) x A~ Be; (2T)

o5, (2T) + Alag, (2 T)> 40— V7, (2T) + &, (2T)

F(o2;, €2;) < F(02;, €2;)
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Bounds

1 ~ _
F(o3,, €5,) = 3 JQ<6§U(2T) * BA"'Be; (2T) — 205, (2T) x A~ Be (2T)

o5, (2T) + Alag, (2 T)> 40— V7, (2T) + &, (2T)
F(oy;, €2;) < F(02;,€;)
In the solution
1 ~
2J <62U(2T) x* BAT'Bep,(2T) —202,(2T) * At Bey,(2T)
Q

1
+02,(2T) * A162U(2T)> dQ = 2J 0,(2T) xS 02(27)dQ
Q
Since S ©2 = 07 and by virtue of Hill's principle:
1 V —
2J 02(2T) xS 0,2(2T7T)dQ = > 0,(2T) %« 01(2T)
Q
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Bounds
Recalling that 0, =S"0,:

V(_ ~ _ _
F(02,, €2;) = 2(e2U(2T) « B" (A" 1 B &y, (2T)
—20,,(2T) x (A") 71 B &y, (2T)

+ 02, (27) = (Ah)lo'gl.j(2T)> — V0, (2T) x €, (2T)
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Bounds

Recalling that 0, =S"0,:

V(_ ~ _ _
F(02,, €2;) = 2(e2U(2T) « B" (A" 1 B &y, (2T)
—20,,(2T) x (A") 71 B &y, (2T)

+ 02, (27) = (Ah)lo'gl.j(2T)> — V0, (2T) x €, (2T)

In correspondence to the average fields:

v - _
F(62ij’€2ij) = > (62[.].(2 T) BA_IB€2U(2T) — 2620.(27-) * A_lB€2ij(2T)

-+0%Q71*AHDAZU>—-V0%QTj*e%QT)

O. Mattei Variational formulations for the linear viscoelastic problem in the time domain 31 /37



Bounds

Recalling that 0, =S"0,:

V(_ ~ 1 phe
F(02,, €2;) = 2<e2U(2T) « BN (A" B"&,,(2T)
—20,,(2T) x (A") 71 B &y, (2T)

+ 02, (27) = (Ah)IO'QU(2T)) — V5p,(2T) % €, (2T)

In correspondence to the average fields:

v - .
F(ﬁzﬁ,égﬁ) = > <€2ij(2 T) BA_IB€2U(2T) — 2620.(27-) * A_lBEQU(2T)

-+a%m7j*AHmﬂ2ﬂ>—-Vo%QTU*e%QT)
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Bounds

€, (2T) * BM(AM)"1B" &y, (2T) — 2%, (2T) » B"(A") 15, (2T)

+ G2, (2T) % (A") 105,(2T) < &, (2T) * BA 1B &, (2T)

—2%,(2T) % BA 155,(2T) + G2, (2T) * A 15, (2T)

Remark 1. Analogy with the bounds obtained by Cherkaev and Gibiansky
(1994) in the frequency domain
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Bounds

€, (2T) * BM(AM)"1B" &y, (2T) — 2%, (2T) » B"(A") 15, (2T)

+ G2, (2T) % (A") 105,(2T) < &, (2T) * BA 1B &, (2T)

—2%,(2T) % BA 155,(2T) + G2, (2T) * A 15, (2T)

Remark 1. Analogy with the bounds obtained by Cherkaev and Gibiansky
(1994) in the frequency domain

Remark 2. 0y, (t) = Ahélij(t) + Bhézij(t)

Gy, =0 = €,(2T) * B"(AM) 1B &, (2T) < &,(2T) * BA 1B &, (2T)
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Bounds

€, (2T) * BM(AM)"1B" &y, (2T) — 2%, (2T) » B"(A") 15, (2T)
+ T2, (2T) % (A") 155, (2T) < &, (2T) x BA 1B ey,
—2%,(2T) % BA 155,(2T) + G2,(2T)

27)

~109,(27)

Remark 1. Analogy with the bounds obtained by Cherkaev and Gibiansky
(1994) in the frequency domain

Remark 2. 0y, (t) = Ahélij(t) + Bhézij(t)

Gy, =0 = €,(2T) * B"(AM) 1B &, (2T) < &,(2T) * BA 1B &, (2T)

€, =0 = 0,(2T)*(A") 10p,(2T) <0, (2T) x A 15, (2T)
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@ Conclusions
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Conclusions

Convolutive bilinear form
_|_
Decomposition of the time domain into two equal subintervals
_l’_
Partial Legendre transform

Minimum variational formulation

O. Mattei Variational formulations for the linear viscoelastic problem in the time domain 35 /37



Conclusions

Convolutive bilinear form
_|_
Decomposition of the time domain into two equal subintervals
+
Partial Legendre transform

Minimum variational formulation

“In simple relaxation or creep experiments the thermodynamic functions at
time t depend on the relaxation or creep function at time 2t.” [Staverman
and Schwarzl (1952)]

Open issues

@ Relation with the analogous bounds in the frequency domain
[Cherkaev and Gibiansky (1994)]
@ Applications to Elastodynamics, Heat conduction, Instability...
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Thank you for your attention
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